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ABSTRACT . 
This report presents an empirical investigation of 
earth-to-moon trajectories. The primary objective is to 
uncover relationships that result in the reduction of mission 
analysis or trajectory analysis problems to fundamentals. 
It is considered imperative that the results be accurate 
t o  the extent that any relationships that are uncovered are 
n o t  brought about by simplifying OI? unrealistic assumptions. 
Consequently, the model used is as accurate as is presently 
available for use and the computations are performed under 
strict error controls. Procedures are reasonable from the 
engineering viewpoint. 
Some very helpful principles are uncovered. These may 
be briefly stated as fo l lows:  
1. T-rajectories of constant flight time to the moon 
(in the 66 hour to 90 hour range), and arriving within a few 
minutes o f  the same time pass over a common point on the moon 
regardless of the arrival altitude and inclination, This 
common point of passage for such a family of trajectories is 
arbitrarily referred to as a VERTEX point. 
2. These VERTEX points lie within a bounded region on 
the lunar surface as arrival time varies throughout the years, 
f o r  a given flight time or flight time spread. 
3. Increasing flight time results primarily in a 
longitude shift of the VERTEX point for a given arrival time. 
4. Launch azimuth should be treated as a strong param- 
eter regarding its influence on the vertex. Launch azimuth 
variations UP to f20 degrees about 90 degrees can shift the 
vertex as much as 3 degrees in latitude even when one is 
free t o  pfck launch time, coast time, and S-IvE3 burn.time 
appropriately with launch azimuth. 
5. The locus of periselenum, as arrival inclination 
takes on all possible values, is nearly circular about the 
vertex point f o r  a given arrival altitude. 
A publication is now in preparation that applies these 
principles to much advantage in the solution of various 
trajectory analysis problems. 
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SUMMARY 
This zeport presents an empirical investigation of 
earth-to-moon trajectories. The primary objective is to 
uncover relationships that result in the reduction of mission 
analysis or trajectory analysis problems to fundamentals. 
It is considered imperative that the results be accurate 
to the extent that any relationships that are uncovered are 
not brought about by simplifying or unrealistic assumptions. 
Consequently, the model used is as accurate as is presently 
available for use and the computations are performed under 
strict error controls. Procedures are reasonable from the 
engineering viewpoint. 
Some very helpful principles are uncovered. These may 
be briefly stated as follows: 
1. Trajectories. of constant flight time to the moon 
(in the 66 hour to 90 hour range), and arriving within a few 
minutes of the same time pass over a common point on the moon 
regardless of the arrival altitude and inclination. This 
common point of passage for such a family of trajectories is 
arbitrarily referred t o  as a VERTEX' point. 
2. These VERTEX points lie within a bounded region on 
the lunar surface as arrival time varies throughout the years, 
for a given flight tlme or flight time spread. 
2 
3. Increasing flight time results primarily in a 
4. Launch azimuth should be treated as a strong param- 
longitude shift of  the VERTEX point for a given arrival time. 
eter regarding its influence on the vertex. Launch azimuth 
variations up to +20 degrees about 90 degrees can shift the 
vertex as much as 3 degrees in latitude even when one is 
free t o  pick launch time, coast time, and S-IVB burn time 
appropriately with launch azimuth. 
5. The locus o f  periselenum, as arrival inclination 
takesonall possible values, is nearly circular about the 
vertex point for a given arrival altitude. 
A publication is now in preparation that applies these 
principles t o  much advantage in the solution of various 
trajectory analysis problems. 
SECTION I. MOTIVATING PRINCIPLE3 
The fundamental objective of much work in Celestial 
Mechanics is to express the solution of various problems 
analytically. When these efforts are thwarted, other avenues 
of approach sometimes yield helpful results. Earth-to-moon 
trajectory problems are presently troublesome in that no 
analytic solution has been obtained using a realistic model, 
and that few results from other approaches convey generalized 
relationships under strict error controls. In view of this 
situation, an investigation was undertaken, having strict 
error bounds, to search for relationships that would aid in 
trajectory analysis and the -solution of related problem. 
SECTION 11. CHOICE OF PARAMETERS 
To motivate a discussioh about the choice of parameters 
for investigating a particular problem it seems sufficient 
to recall the many seemingly unwieldy problems that have 
been resolved analytically due to a change of basis or 
appropriate transformations. Logically then, any problem 
analysis is enhanced by a proper choice of parameters whether 
the analysis be analytic or empirical in nature. 
miss distances for lunar and interplanetary trajectories are 
amazingly useful as parameters in generating earth moon 
trajectories on the computer as well as for analysing related 
The parameters discussed in Reference 1 for describing 
3 
problems. In view of the perspective that they provide 
relative to the problem of concern here, a few remarks will 
be included with excerpts from Reference 1. 
Denote a unit vector, origin &t the center of the moon, 
in the direction of the incoming asymptote of the selenocentric 
arrival conic as s'. A unit vector, call it T, can be construct- 
ed orthogonal t o  s' and lying in some .convenient plane. 
Construct a unit vector, R, normal t o  s' and T by the operation s X T. The vectors and define a plane normal to s' and 
collectively the vectors s', q, and represent an orthogonal 
right-hand basis. Some factors that make this basis most 
useful are these: 
A vector g,  termed an "impact parameter," can 
be established in the instantaneous Slight - - plane 
and normal to 3, i.e., it lies in the R T plane and 
in the instantaneous flight plane. The magnitude 
of B, ID/,  is related t o  close approach distance 
through the equation 
where RCA is the radius of close approach and a is 
the semi-major axis of the conic. The inclination 
of the arrival conic (instantaneous flight plane) 
relative to the zT plane can be controlled by 
specifying 
to achieve the desired close approach distance. 
Furthermore, Reference 1 states that the parameters 
8.T and 'BOK are linear functions of initial condi- 
tions for a significant range of initial conditions. 
The significance of the linea-rity feature should 
not be underestimated; Reference 1 presents some 
details on this topic. 
and B-R where I-BI has been determined 
Figures 1 and 2 illustrate the inherent facility for 
analysing certain problems in terms of  the parameters 
and B*E. By controlling the magnitude of E, or b, the 
trajectory may be constrained t o  be a perpendicular --- impact 
(arriving along the 8, i.e., b = 0 and hence, B-T=B*R=O). 
Figure-1 illustratgs-the resultant circle of impact points 
about S asB*Tand B*R are varied through all possible values 
while holding b constant. It also shows what may be termed 
the band of possible trajectories having constant inclination 
( ~ 8 0  degrees as the 8 is crossed) while varying b.. Figure 2 
4 
- -  - -  
illustrates the geometric significance of BOT and B-R from 
which it is seen that 
73- T - g . a  
COS i = -b and sin i = - b 
i being defined as the inclination of the arrival conic 
relative to the 3 T plane, 
It is not feasible to go into more detail here, but 
it is hoped that these remarks will lend some emphasis to 
the significance of these parameters and the value of 
searching for parameters that lend insight t o  particular 
problems e 
0 5 i < 2n. 
SECTION 111. IMPLEMENTS OF THE STUDY 
AND ACCURACY CONS IDEFUTIONS 
The mathematical'model used to represent the physical 
system includes the effects of the oblate earth, the tri- 
axial moon, the sun, and the planet Jupiter (if the distance 
from the vehicle to Jupiter gets smaller than a given bound). 
The coordinates of the various celestial bodies are taken 
from ephemeris tapes. The ephemeris tapes and the computer 
program were acquired from the Jet Propulsion Laboratory, 
Pasadena, California. The computer program includes a 
powered flight package, an injection-to-target space program, 
and an isolation package, References 3 and 4 discuss the 
Space Program and Powered Flight Program in detail. 
accurate as any presently available to NASA installations. 
The error incurred by the model used is not easily determined. 
References 6 and 3 present the various constants that are 
used in this study. 
It is felt that the mathematical model used is as 
The error incurred due to the computational procedures 
used in the space program is discussed in Reference 5. It 
is stated there that position error is less than 100 (m). 
Velocity error is implied to be in the seventh digit or 
less than .01 (m/s). These error magnitudes are associated 
with the class of trajectories being studied here, namely, 
earth-to-moon trajectories in the 66 hour to 90 hour flight 
time range. 
5 
It is not possible for us to say that the results obtained 
differ from the exact solutions of the physical problems by 
only a certain small amount, However, considering the assump- 
tions and the computational error controls, it is felt that 
the accuracy of the results is ,as good as can feasibly be 
obtained using presently available ephemeris data. One can 
accept the results without wondering whether certain features 
are due to simplifying assumptions and the like. 
SECTION IV. GROUNDRULES FOR THE STUDY 
The procedures are realistic from the physical and 
engineering viewpoint. 
Launch is assumed to take place from the Atlantic Missile 
Range, the pad coordinates being: 
Geodetic Latitude = 28.55 degrees 
Longitude = 80.58 degrees (west of Greenwich). 
Launch azimuth is always due east unless specified differently. 
The effects of launch azimuth variations are studied in various 
settings, but in such settings the launch azimuths are taken 
to be f rom 70 degrees through 110 degrees east of north, and 
are specified. A nominal boost trajectory is used to place 
the vehicle in a near-circular parking orbit at a geocentric 
radius of 6647.8 (km). The boost trajectory has a "launch 
to parking orbit" central travel angle of about 18.5 degrees. 
An S-IVB stage is used to accomplish injection into lunar 
transit from the geocentric parking orbit. The thrust vector 
direction during the S-IVB burn period is determined by a 
"CONTROL FROM HORIZON" procedure which is discussed in detail 
in Reference 4, giving particular equations associated with 
the thrust direction determination. 
The entire study is performed using no powered plane 
changes (no three dimensional maneuvering) except that brought 
about by the perturbing influences. The desired conditions a t  
periselenum arrival are specified in terms of three parameters: 
TJ-= flight time from injection t o  periselenum arrival, 1 1  2 B O T ,  and (3) B*E. are discussed in detail in 
Section I1 of this report.) The trajectory having the desired 
end conditions is found by varying: (1) TL E time at launch 
of the boost vehicle, (2) t c =  the time spent coasting in 
the geocentric parking orbit, and (3) t B  E- the burn time'of 
the S-IVB. 
1 
(BOT and 
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It. lis useful for some purposes to a-nalyse the procedures 
used in terms of their influence on the injection conic con- 
stants. The specification of TL, A0 (launch azimuth), and $6 (geocentric launch latitude) results in the orientation 
of the geocentric parking orbit as well as the injection 
conic since no powered plane changes are made. The orienta- 
tion as j u s t  mentioned im lies inclination (i) and longitude 
of the ascending node (a, P The parking orbit altitude is 
arbitrarily taken at about 150 (n.m.) or about 278 ( k m ) .  
This altitude the S-IVB characteristics, coast time (tc), 
burn t-lme ( t ~ ) ~  and flight time (TF) determine the other 
four so-called injection conic constants (cl= angular 
momentum, c, =twice the total energy per unit mass, w s 
argument of perigee, and f = true anomaly), and arrival time. 
SECTION V. DEVELOPPENT OF THE ARRIVAL TERTEX PRINCIPLE 
- -  
The geometric properties of the BOT and %*E parameters 
are important in finally establishing and understanding the 
"ARRIVAL VERTEX PRINCIPLE!' For trajectories having exactly 
- -  parallel incoming asymptotes and fixed B magnitude ,b, the 
BOT and 3 .E  variations represent variations in arrival incli- 
nation of the trajectories to the - S T  plane. Further, since 
the common incoming asymptote, S, lies in the flight plane of 
each trajectory, the pierce point of the on the lunar sur- 
face represents a common point through which or over which 
all the trajectories must pass. This common point is called 
a "VERTEX" and is associated with a hypothetical family of  
trajectories. 
The task at hand is the realistic evaluation of  parame- 
ter influence on earth-to-moon trajectory profiles in order 
to isolate the hypothetical "VERTEX" family, if such families 
actually exist under the constraints already discussed for 
this study. 
It is found, results being exhibited in Figure 3, that 
trajectories with launch time varying up to about 10 minutes, 
coast time in parking orbit varying up to about 50 seconds, 
and burning time varying some fractional part of a second 
yield trajectories arriving with a flight time of 66 hours, 
selenocentric altitude - -  of 185 (km) and with any specified 
inclination to the S T plane. Observe that all of these 
trajectories of  varying inclination do pass over a common 
point (VERTEX); at least to the accuracy of the plot they 
pass over a common point. 
By considering the nature of the problem, one niay see 
that the arrival VERTEX principle as just discussed holds 
for all time (ruling out times when the moon's declination 
at arrival is greater than the geocentric launch latitude). 
The objective now is to evaluate the influence of various 
parameters Gpon the VERTICES, and to examine the trajectories 
in minute detail t o  get a closer, more accurate l o o k  at the 
VERTEX, behavior. 
'A. CONSIDERATIONS ON THE EXISTENCE OF VERTICES 
Itpis desirable to look a bit more closely at the VERTEX 
of a family. Consider the 66 hour family arriving on 30 Nov. 
1964, the incoming asymptotes (5) being exhibited - -  in Figure 4. 
As arrival inclination is varied relative to the S T plane, 
note that the 5 projected onto the lunar surface form a some- 
what circular figure of about l . 5  degrees diameter. Great 
circle projections of the trajectories across this small area 
are sufficient to determine whether the trajectories actually 
pass over a common point. Observe from Figure 4 that:' 
1. The Family tends to two vertex points, one associated 
:with counter-rotational (retrograde) trajectories, one with 
ico-rotational (directs). The retrogrades and directs miss 
ltheir respective COMMON POINT (VERTEX) by less than .1 degree. 
,This is less than 3 (km) distance on the lunar surface. 
2. Arrival altitude variations from 50 (km) out to 
1000 (km) produce no appreciable change in the VERTEX points 
of the family. The points appear to shift about a kilometer 
and the miss distance of a trajectory relative to its VERTEX 
increases about one kilometer due to the 950 (km) altitude 
shift. 
Consider now Figures 5 and 6 which present trajectory 
projections through the 3 for various trajectory families 
arriving in October 1966. The two arrival dates are chosen 
such that the moon is near its apogee and perigee and both 
branches of the dual time solution are investigated on each 
date. The flight time is 90 hours. These figures exhibit 
that for 90 hour flights the conclusions drawn previously 
for 66 hour flights are still valid. 
In summary, we may state the following. Subject t o  
constraints already discussed for this study: 
1. Trajectory families arriving at essentially the same 
time, and having the same flight time pass within about 30 (km) 
of a cdmmon point on the lunar surface, regardless of the 
arrival altitude (out to 1000 (km)) or arrival inclination, 
8 
2 .  Restricting arrival inclinations to about Oo +L 45' 
or 180° k 4 5 O  brings the arrival path of the respective tra- 
jectories to within about 3 (lan) of their associatea common 
point, producing what may be ca1led.a VERTEX for co-rotational 
flights and a VERTEX f o r  counter-rotational flights. 
3. It is possible to generate all possible combinations 
of arrival altitudes, out to 1000 (km), and arrival inclinations 
to completely envelope the moon with parameter variations 
ranging in magnitude to about: 
(a) 
(b) 50 seconds in coast time, 
15 minutes in launch time, 
(c) a fractional part of a second in burn time. 
Recall that all these trajectories belong to a constant flight 
time family, and that the launch time, coast time, and burn 
time must be jointly compatible to produce the desired end 
conditions. 
B. PARAMETER INFLUENCE ON TKE BEHAVIOR OF VERTEX AREAS 
Interest here is concentrated on the behavior of the 
FAMILY VERTICES. Having established that arrival inclination 
and arrival altitude are weak parameters, belonging in the 
same arrival time, flight time family, these weak parameter 
influences are neglected'for the moment. The arrival altitude 
is arbitrarily taken at about 185 (km) and the arrival incli- 
nation is taken to bring the trajectory into the g F  plane. 
1. LAUNCH AZIMUTH VARIATIONS 
The principal objective here is to classify'launch 
azimuth as a weak or strong parameter with regard to its 
influence on the behavior of vertex points. Figures 7 and 8, 
and Figure 3 serve as basis for this classification. Notice 
that the family vertex of Figure 3 is at about 13 ,degrees 
north latitude and 143 degrees longitude on the lunar surface 
(Reference 7 defines and discusses selenographic latitude 
and longitude in detail). 
AMR at a 90 degree launch azimuth. Trajectories of Figure 7 
depart at an 80 degree azimuth and those of Figure 8 at a 
108 degree azimuth. Observe that the vertex appears t o  have 
shifted slightly in each figure relative to the others. 
However, it is not possible to see exactly how much the vertex 
has shifted. 
Trajectories of Figure 3 depart 
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Figure 9 i s  included for determination o f  t he  magni- 
tude and d i r e c t i o n  of the ve r t ex  s h i f t .  The ve r t ex  motion i s  
shown f o r  t r a j e c t o r i e s  having 90 degree launch azimuth, and 
90 hour f l i g h t  time, but w i t h  a r r i v a l  time var ied  through a 
month.. The ve r t ex  po in t s  are shown f o r  70 degree and 110 
degree launches tha t  a r r i v e  on fou r  d i f f e r e n t  dates i n  the 
month. The s h i f t  of  t h e  ver tex  point  due t o  launch azimuth 
v a r i a t i o n  c o n s i s t s  of two parts.  One p a r t  i s  due t o  t h e  
v a r i a t i o n  i n  launch time of about 5 hours tha t  sepa ra t e s  the 
launch oppor tun i t i e s  f o r  70 degree and 110 degree launch 
azimuths. T h i s  p a r t  i s  p a r a l l e l  t o  t he  locus of  ve r t ex  
po in t s  f o r  90 degree launch azimuth and v a r i e s  i n  magnitude. 
The o t h e r  p a r t  i s  due t o  t he  change i n  the r e l a t i v e  i n c l i -  
na t ion  o f  t h e  i n j e c t i o n  conic brought about by the var ied  
launch azimuth. T h i s  p a r t  i s  a s h i f t  i n  l a t i t u d e  o f  t h e  
ve r t ex  as much as 3 degrees. The g r e a t e s t  s h i f t  occurs a t  
t h e  time when t h e  moon i s  near  t he  extreme d e c l i n a t i o n  po in t s .  
I n  conclusion, then, we emphasize a s  follows f o r  
f l l g h t s  having launch azimuth va r i a t ions  up t o  f20 degrees 
about 90 degpees and sub jec t  t o  t he  c o n s t r a i n t s  a l r eady  
discussed f o r  th i s  s tudy:  
parameter even when launch time i s  f r e e  t o  be picked appro- 
p r i a t e l y  f o r  t h e  launch azimuth. When this procedure i s  
followed t h e  ver tex  i s  shown t o  s h i f t  a s  much as 3 degrees 
f o r  a 120 degree v a r i a t i o n  i n  launch azimuth. 
5. The complete family of  t r a j e c t o r i e s  having any 
a r r i v a l  a l t i t u d e  -out to 1000 (km)  and all azimuths zero 
through 360 degrees a t  the ver tex  can be generated (us ing  
var ious launch t imes,  launch azimuth combinations as basis 
f o r  v a r i a t i o n s )  using about t h e  same s i z e  v a r i a t i o n s  i n  
launch time, coas t  time, and burn time as was l i s t e d  previously 
f o r  the 90 degree launch azimuth, launch t i m e  combination. 
4. Launch azimuth should be t r e a t e d  as a s t rong  
2. ARRIVAL TIME: VARIATIONS USING BOTH LAUNCH 
OPPORTUNITIES PER DAY FOR VARIOUS F'LIGHT TIMES 
The i n t e n t i o n  here i s  to f reeze  the  se t  of  weak 
parameters a t  a r b i t r a r y ,  reasonable values and s tudy t h e  
inf luence  of  s t rong  parameters, r e a l i z i n g  t h a t  the  poin t  
p l o t t e d  and c a l l e d  a VERTEX i s  an element of an a r e a  of about 
2 degrees i n  diameter.  Launch azimuth i s  90 degrees.  Arr iva l  
a l t i t u d e  i s  within a few kilometers of 185 Lkm), and a r r i v a l  
i n c l i n a t i o n  br ings the  t r a j e c t o r y  i n t o  t h e  S T plane (very  
nea r ly  the plane of t he  earth-moon motion). 
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The a r r i v a l  time i s  var ied throughout t h r e e  d i f f e r e n t  
months, 'November-December 1964, October 1966, and March-April 
1969. ' B o t h  launch oppor tuni t ies  per d'ay a r e  inves t iga t ed .  
F l i g h t  t i m e  i s  a parameter for each a r r i v a l  time and launch 
opportuni ty  v a r i a t i o n .  F l i g h t  times a r e  taken a t  66 hours, 
78 hours, and 90 hours for t h i s  survey. 
Frigures 10 and 11 e x h i b i t  the  motion.of t he  VERTEX 
poin ts  as a r r i v a l  time v a r i e s .  F l i g h t  time i s  66 hours, 
and bo th  launch oppor tuni t ies  per da.y are inves t iga t ed .  On 
Figure 10 the  ve r t ex  motion for each month i s  p l o t t e d  sepa- 
r a t e l y .  The motion of t he  l i n e  of centers  of  t he  e a r t h  and 
moon i s  included t o  show the  s i m i l a r i t y  that  i t  has t o  the 
ver tex  motion. The arrows i n d i c a t e  the d i r e c t i o n  t h e  ve r t ex  
moves as time advances through the month. I d e n t i c a l  f i g u r e s ,  
such as c i r c l e s ,  squares ,  e t c . ,  i n d i c a t e  equal a r r i v a l  time 
on t h e  t w o  ver tex  p a t t e r n s  generated each month due t o  t h e  
two launch oppor tun i t i e s  per  day. 
Figure 11 shows p l o t s  of t he  ve r t ex  p a t t e r n s  t h a t  
reach a peak l a t i t u d e  of about 14 degrees and those that 
reach about a 7 degree peak. Note t h a t  each o f  the  two 
launch oppor tun i t i e s  per  day produce a member of each group. 
behavior could be pointed out ,  but t he  ones p e r t i n e n t  t o  the 
present  ob jec t ives  a r e  concerned w i t h  t h e  bounds for the  
motion. Notice the  following f o r  66 hour f l i g h t s :  
Quite a few i n t e r F s t i n g  f e a t u r e s  about t he  ve r t ex  
6. For a l l  a r r i v a l  times throughout - the  1964-1969 
period, the ve r t ex  motion i s  bounded i n  l a t i t u d e  between 
about 214 degrees.  The longi tude i s  between about 125 
degrees and 145 degrees.  
How does VERTEX behavior change as t h e  f l i g h t  time 
v a r i e s ?  Figure 12 shows p l o t s  t o  answer t h i s  question. 
Notice t h a t  - 
7. A s  f l i g h t  t i m e  progresses from 66 hours through 
90 hours, t he  bounds for the  ver tex  motion progresses from 
about f l 4  degrees t o  about +16 degrees i n  selenographic 
l a t i t u d e .  The prLmary e f f e c t  of increas ing  f l i g h t  time i s  
t h e  decrease i n  longi tude of t he  ver tex  p a t t e r n s .  One sees  
- - - - - - - - -  
1 The c h a r a c t e r i s t i c s  and s ign i f i cance  of  t h i s  t i m e  sampling 
and a d iscuss ion  of t he  two launch oppor tuni t ies  per  day phenome- 
non a r e  given i n  Reference 2. 
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from Figure 12 that the longitude of the vertex varies from 
about 102 degrees through 145 degrees for flights of  66 hours 
through 90 hours. 
SECTION VI. PERISELENJM CONTOURS ABOUT THE VERTEX 
The behavior of selenographic periselenum coordinates 
are of much interest in earth-to-moon trajectory analysis. 
It would be helpful if relationships could be found that 
determine periselenum locations without actually calculating 
the trajectories. 
One such relationship has been found and is exhibited 
on Figure 13. Sixty-six (66) hour flights arriving on 
30 November 1964 were computed to arrive at different incli- 
nations and altitudes. Notice that the locus of periselenum 
for constant arrival altitude and varying arrival inclination 
appears to form a circle about the family vertex. -Computing 
the central angles from the periselenum vector to the incoming 
asymptote of each trajectory reveals the following: 
8. Counter-rotational flights tend to produce a peri- 
selenum circle of some radius while co-rotational flights 
tend to a circle about 2 degrees smaller in radius. A s  
long as flights have inclinations of about Oo ?I. 45O or 
1800 k 45' then the periselenum circle varies up to about 
.5 degree within each group, but the radius associated with 
the 'IOo inclination group" differs from that of the 1'1800 
inclination group" by about 2 degrees. The 111800 inclination 
group, counter-rotational group, has the larger radius. 11 
SECTION VI1 . CONCLUSIONS 
It is difficult to summarize the significance of  what 
has been presented in this paper outside the realm of appli- 
cation. The main points can be restated,but the job isn't 
really done until the usefulness of the principles is exhibited 
in the solution of problems. It is felt that the application 
of the principles presented here are best published in a 
separate paper which is now in preparation. Consequently, 
this summary is primarily a restatement of the main features 
and findings of the study. 
1. A realistic model and accurate procedures are used. 
A l l  constraints are reasonable from the physical and 
engineering viewpoint: 
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a. Launch is,always from AMR in a direction 
specified by launch azimuth. 
b. No powered plane changes are made; no three 
dimensional maneuvering is done except that brought about 
by the perturbing influences. 
c. A near-circular geocentric parking orbit is used. 
d. An S-IVB stage is used to accomplish injection 
from the parkiYrg orbit. 
d. Variations in launch time (TL), coast time in 
parking orbit (tc), and S-IVB burn time (tg) are used to 
generate trajectories having desired end conditions, expressed 
- -  in terms of flight time from injection to periselenum (TF),  
BOT and B*R. For further purposes BO!~! and Boa combinations 
are equivalent to arrival altitude (h) and arrival incli- 
nation (i) combinations. 
2. Variations in launch time up to about 15 (min), in 
coast time up to about 50 (sec), and up to some fraction of 
a second in burn time are sufficient to generate trajectories 
to complete1 envelope the moon in approach directions 
(inclination7 and altitude out to 1000 (km) while holding 
the same flight time on a l l  the trajectories. 
a. A l l  these trajectories pass over a common point, 
VERTEX, on the lunar surface to within about a degree of arc, 
about 30 (km) distance, on the moon. 
or 180° k 45°-produces what may be called a VERTEX f o r  
co-rotational (DIRECT) flights and a VERTEX for cbunter- 
rotational (RETROGRADE) flights. Each trajectory of each 
group passes within about 3 (km) of its associated VERTEX but 
the two VERTEX points are separated by an arc up to about 
1.5 degrees. 
are true f o r  any launch azimuth direction in the 70 degree 
through 110 degree range. ,However, two points should be 
remembered : 
b. Restricting arrival inclination to about 0' _+ 45' 
3. The conclusions just listed (under subparagraph 2) 
a. Each launch azimuth is associated with a different 
basic combination of TL, tc, and tg. 
b. There a r e  days when the a r r iva l  d e c l i n a t i o n  of 
t he  moon i s  g r e a t e r  than t h e  dec l ina t ion  of the  launch s i t e .  
Under the c o n s t r a i n t s  of t h i s  study, t h i s  implies tha t  t h e r e  
a r e  azimuths around '90 degrees that are not f e a s i b l e  for 
launching t o  a r r i v e  on those days. 
4. Launch azimuth should be t r e a t e d  as a s t rong  parame- 
t e r  even when one i s  f r e e  t o  p ick  the corresponding TLJ t c ,  
and tg combination appropr ia te ly .  
5. The ver tex  s h i f t s  as much as 3 degrees i n  l a t i t u d e  
for launch azimuth v a r i a t i o n s  up t o  +20 degrees about 90 
degrees.  
6. For 66 hour f l i g h t s  a r r i v i n g  a t  any time i n  the  
1964 through 1969 period, the  ve r t ex  motion i s  bounded i n  
selenographic  l a t i t u d e  by about 514 degrees and i n  selenog- 
raphic  
A s  f l i g h t  t i m e  progresses  f r o m  66 hours through 
90 hours, the l a t i t u d e  bounds for the  ver tex  motion inc rease  
t o  about ,+16 degrees and longi tude always i s  between t h e  
102 degree and 145 degree meridians f o r  any a r r i v a l  t i m e  i n  
t h e  1964 through 1969 per iod.  
t he  ver tex  a s  a r r i v a l  i n c l i n a t i o n  takes  on a l l  values for 
t r a j e c t o r i e s  having f ixed  a r r i v a l  a l t i t u d e ,  f l i g h t  time, 
and a r r i v a l  time ( v a r i e s  a few minutes) ,  
9. Counter-rotat ional  (RETROGRADE) f l i g h t s  tend t o  
longi tude by t h e  125 degree" and 145 degree meridians.  
7. 
8. The locus of periselenum i s  nea r ly  a c i r c l e  about 
produce a periselenum c i r c l e  of some r a d i u s  whereas 
co - ro t a t iona l  (DIRECT) f l i g h t s  tend t o  a c i r c l e  about 
2 degrees smal le r  i n  r ad ius .  
or 180° k 450J the periselenum c i r c l e  v a r i e s  up t o  about 
.5 degree wi th in  each group, but  the  rad ius  a s soc ia t ed  w i t h  
t h e  00 k 4 5 O  group d i f f e r s  f rom tha t  of the  180° k 145' group 
by about 2 degrees.  The 180° k 450J counter - ro ta t iona l  or 
re t rograde  group, has the  l a r g e r  rad ius .  
10. A s  long as a r r i v a l  i n c l i n a t i o n  i s  about 0' .t 4 5 O  
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